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ABSTRACT: We study the constraints of supersymmetry on the non-Abelian holonomy
given by U = Pexp(i [ A), the path-ordered exponential of a connection A. For theories
with four supercharges, we show that A satisfies the tt* equations if it is a function of
chiral multiplets. In contrast, when A is a function of vector multiplets, it satisfies the
Bogomolnyi monopole equations. We describe applications of these results to the Berry
connection in supersymmetric quantum mechanics.
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Introduction. Often in physics we are interested in the holonomy of a state as we move
along a path I in some space M. Such a holonomy is typically governed by the path-ordered
exponential of a non-Abelian connection A over M,

U = Pexp <1/FA> (1)

In this short note we study the restrictions on the connection A due to supersymmetry.
Specifically, we focus on situations where the coordinates x* over M can be thought of as
the bosonic components of a supermultiplet. In this case, the connection A = A;(x)a! dt is
merely the leading order term in a Lagrangian,

L=A(x)d" +... 2)

where ... denote terms involving fermions and auxiliary fields which form the supersym-
metric completion of the connection. There is something unfamiliar about Lagrangians of
this type: they are matrix-valued functions of scalar fields. This is to be contrasted with
the more familiar quantum mechanical matrix models, where the Lagrangian is a scalar
function of matrix-valued fields.

Below, we study the conditions for the matrix-valued Lagrangian L to be invariant
under N = (2,2) supersymmetry (that is, the dimensional reduction of N'= 1 supersym-
metry in 4d). We restrict our attention to scalar fields that live in chiral multiplets or
vector multiplets. When A is a function of complex, chiral multiplet scalars, we show that
supersymmetry restricts the connection to satisfy the tt* equations of [, B]. In contrast,
when A depends on the triplet of scalars that live in a vector multiplet, the connection A
is constrained to obey the Bogomolnyi monopole equation [f.

At the end of this paper, we present an application of these results to computing the
non-Abelian Berry phase in supersymmetric quantum mechanics. This was the original
context in which the tt* equations were first discovered ﬂﬂ] and the method of this paper
gives a particularly simple derivation. More recently, we have studied examples of quantum
mechanics in in which the Berry connection obeys the Bogomolnyi monopole equations [f,
f]. It was conjectured in [[f] that the Bogomolnyi equations are, more generally, analogous
to the tt* equations for vector multiplet parameters. The results of this paper prove
this conjecture.

Recent related work has examined the Berry phases that arise in D-branes and super-
symmetric black holes [§J—[[J]. We expect the results of this paper to be relevant to this
study. The methods here should also be applicable to systems exhibiting different amounts
of supersymmetry.

The invariance of a matrix. The first question that we have to answer is: what does
it mean for a matrix-valued Lagrangian L to be invariant under a symmetry? In the
familiar situation, where the Lagrangian is a scalar-valued function, a symmetry is any
transformation under which the Lagrangian changes by a total derivative,

o
oL = (3)



for some function ©. However, as explained in [[], this is no longer the appropriate condition
when L is matrix-valued. The object of interest is now the time-ordered exponential,

Ultity) = Texp <z /:f L(t) dt> ()

For concreteness L is assumed to be a Hermitian NV x N matrix, but more generally can be
valued in any Lie algebra. Varying the Lagrangian results in a variation of the holonomy,

ty
SU(ts 1) = i / Uts,t) SL(E) UL ) dt (5)
t.
If the Lagrangian changes by a total derivative, as in (), the change in the holonomy has
no particularly special properties. Instead, a transformation is said to be a symmetry if
the integrand in (f]) is a total derivative: %[U(ti, t)O(t)U(t,ts)]. This holds if L is a total
covariant derivative,
do
0L = — +i[L, 0] (6)
dt
Even when the variation is a symmetry, the holonomy U is not invariant. Rather, it
changes by

OU = iU(t;,t1)O(tr) — iOt)U (t;, 1) (7)

For cyclic paths, such that z'(t;) = z%(t;), this means that U = [U, ©] which is the
requirement that the holonomy of the vector space V' remains invariant up to a relabeling
of the basis vectors of V. (Alternatively, up to a gauge transformation). In the remainder
of this paper, we determine the constraints on Lagrangians L which transform as a total
covariant derivative (f) under N = (2,2) supersymmetry.

Chiral multiplets and tt* equations. We first study connections A which are func-
tions of chiral multiplet parameters. The chiral multiplet consists of a complex scalar ¢,
two complex Grassmann variables ¢4 and ¥_, and a complex auxiliary scalar F. The

supersymmetry transformations are,1

0p = 1pe
oy = Feqg — i(ﬁgi (8)
OF = —iey

As a warm-up, we first construct a supersymmetric scalar-valued Lagrangian which starts
with a connection term linear in time derivatives. We assign engineering dimensions con-
sistent with the supersymmetry transformations: [¢] = 0, [\| = 1/2, [F] = [d/dt] = 1 and

LOur spinor conventions are those of [H], reduced to d = 0 + 1 dimensions. To orient the reader with
spinor contractions, it may help to recall that, in 4d, one can form a scalar ¥\ and a 4-vector Yo\ from
two Weyl spinors ¥ and A. Upon dimensional reduction to d = 0 4+ 1 dimensions, these descend to two
scalars ¥ and Y\ = Yo\, and a triplet of scalars P& \.



[e] = —1/2. Then most general Lagrangian, at leading order in the derivative expansion,
is given by,

L:A¢+AT<;5T+GF+GTF—%B¢w—%BTzﬁl/?JrCzﬁer(j-l/?&z/z (9)

Here A, G and B are complex function of ¢ and ¢, while C is a real function and Cisa
triplet of real functions. & are the Pauli matrices.

We require that this Lagrangian is invariant under the supersymmetry transforma-
tions (§). A direct computation gives constraints on the functions appearing in L: they
must obey

0G 0G 0A  0Af -

06 o g2 o4 04, o_Gog 10
With these restrictions, the Lagrangian is supersymmetric, transforming by a total deriva-
tive, 6L = ©, where

O = Avpe — iGe + h.c. (11)

Matrix valued lagrangians. We now repeat the calculation, but this time with the
Lagrangian (f]) given by an N x N matrix. The functions A, G, B, C and C are corre-
spondingly promoted to N x N matrices. Once more applying the supersymmetry trans-
formations (f), we insist that the Lagrangian transforms as a total covariant derivative (ff),
with © given by ([L). We find that this imposes the constraints C =0 and,

oG

DiG = 0T +i[AT,. Gl =0
oG
B =DG = % +i[A, ] (12)

C = [G',G] = [D, DY

These are the Hitchin equations [[J] for the complex connection A and complex matrix
G. They arise as the double-dimensional reduction of the self-dual Yang-Mills equations.
In the presence context, they can be thought of as a special case of the tt* equations. To
derive the most general form of the tt* equations, we look at Lagrangians depending on
several chiral multiplets.

Multiple chiral multiplets. Consider multiple chiral multiplets, (¢?, FP, ¢ ). The
most general action matrix-valued Lagrangian that we can write down is,

L = (Ayd? + G, FP — BpyhPy? + h.c.) 4+ CpgdPyh? + Cpy - PPGYT (13)

It is straightforward to vary this Lagrangian by the transformations (§). Supersymmetry
is assured if C); = 0 and

oG, .
D;Gq = 8¢qu + ’L[A;L,Gq] =0
Dqu = Dqu = qu + qu (14)

[Gp’Gq] = [Dpqu] =0
Cpq = [G;rw GQ] = [DEND;]



Here the covariant derivative is defined by D, = 0/0¢, + i[Ap,]. These are the general
form of the tt* equations of Cecotti and Vafa [[l, f]. The original derivation of these
equations came from studying the Berry connection in quantum mechanical systems; we
will review this application shortly. The derivation presented here, invoking the invariance
of a classical matrix Lagrangian, appears to be somewhat simpler.

Vector multiplets and Bogomolnyi equations. We now repeat the story for
holonomies which depend on vector multiplet parameters. In d = 0 4+ 1 dimensions, the
vector multiplet consists of a single gauge field ag, three real scalars m’, two complex
Grassmann variables A1, and a real auxiliary field D. (The scalars m® can be thought of as
arising from the dimensional reduction of a vector field in d = 3 + 1). The supersymmetry
transformations are given by,

dag = ile — iEA

5m = i\Ge — i€a\ (15)
6\ = M- Ge+ iDe

6D = —Xe — €\

We again start by considering the restrictions of supersymmetry on a scalar Lagrangian
that starts with a connection term linear in time derivatives. In fact, this problem was
already solved by Denef in [[J]. The most general form of the Lagrangian is given by,

L=A-m—HD+ B+ B+ CM+C-2d\ (16)

where /_f, H, C and C are real functions of m, while B is a complex function. A direct
computation [[LJ] shows that the transformations (L) are a symmetry of this Lagrangian
providing B = C' =0 and

OH 0AL

Ci:—':

ot~ Ut g ()

With these restrictions, the Lagrangian transforms by a total derivative, L = ©, where
© = HXe +iA-XGe+h.c. (18)

Matrix valued lagrangians. We now repeat this calculation for the vector multiplet
Lagrangian ([[q), with the functions A, H,C,C, and B all promoted to N x N matrices. The
calculation is once again straightforward. Applying the supersymmetry transformations
([3), the Lagrangian transforms as a total covariant derivative (), with © given by ([[§),
providing that B = C = 0 and,

OH

. 1
C;=D;H = p +i[A;, H| = Eeiijjk (19)

where the non-Abelian field strength is given by F;; = 0;A; — 0;A; + i[Ai, A;]. These are
the Bogomolnyi monopole equations [B]. They arise as the dimensional reduction of the
self-dual Yang-Mills equations. It is noteworthy that, for both chiral and vector multiplets,
the constraints on the connections are related to the self-dual instanton equations.



Multiple vector multiplets. Finally, we consider matrix-valued Lagrangians consisting
of multiple vector multiplets (a?,m?, DP, Xl ). The most general action takes the form,

L = Aym? — HyDP 4 (Bpg\PX? + h.c.) + CpgAP AL 4 Cpy - NG (20)

This time, supersymmetry requires B = 0 and,

Cpq = [Hvaq]
OH, . . OH, .
(Ci)pq = amz +Z[Ap7Hq] = 8—7772 +Z[Aanp]
04, DA o
it (Cr)pg — i[Hy, Hy;i = P — 9 4 G[AY A 21
Jk( k)pq [ p q] J <3m}1 8m§; [ q p]> ( )

These equations are to vector multiplets what the tt* equations are to chiral multiplets.

An application: Berry phase. To end this paper, we describe an application of the
above results to the computation of the Berry phase in strongly coupled quantum mechan-
ical systems. Suppose that this quantum mechanics has N degenerate ground states |a),
a=1,...,N, and let 2’ denote the parameters of the system. Then, as we adiabatically
vary the parameters, the ground states will undergo a non-Abelian Berry holonomy [[[4, [[5]
given by (H]), where the u(IN) valued connection is

0
oz’ @) -

Typically, the only way to compute the Berry connection is to first construct the ground

(Ai)ap = i(D] (22)

states, and then use the direct definition (3). However, in supersymmetric quantum
mechanics, once can bypass this step. In many examples, this allows the Berry connection
to be computed exactly, even when the ground states cannot be. The key point is that the
parameters in supersymmetric theories themselves sit in supermultiplets. One can integrate
out the all dynamical fields to get an effective u(V)-valued Lagrangian for the parameters
of the form (B]). This Lagrangian must itself be invariant under supersymmetry. We now

give some examples of this procedure.

Chiral multiplets. Consider a Wess-Zumino model in d = 0 + 1 dimensions. The
superpotential depends on the dynamical chiral multiplets, which we collectively call Y,
and the complex parameters ¢: W = W(Y’; ¢).

Supersymmetric ground states are defined by 9W/9Y = 0. We are interested in how
the space of ground states varies as one changes the parameters ¢. This is precisely the
information captured by the Berry connection (P). The requirement that the effective
action for the parameters ¢ is supersymmetric, ensures that the Berry connection must
satisfy the tt* equations ([J). We need only understand the meaning of the complex matrix
G in the original quantum mechanics. Expanding out the superpotential, the auxiliary field
F — which is the superpartner of the parameter ¢ — appears in the quantum mechanical
Lagrangian as,

ow

/d29 W(Y;¢) = 8—¢F +... (23)



F' can be viewed as a source in the original quantum mechanics, such that differentiating
with respect to F' computes the expectation value of 9W/9¢. Comparing with the effective
action (fJ) for the parameters, we see that

(G)ay = <br%—ffra> (24)

The tt* equations then relate the curvature of the Berry connection to this matrix element.

The result that the Berry phase in Wess-Zumino models obeys the tt* equations is
certainly not new; it was one of the main results of the original tt* papers [fl, ], where the
matrix elements (B4) were interpreted as the coefficients of the chiral ring. Nonetheless,
the derivation given here, in terms of a non-Abelian effective action for the parameters,
appears to be novel.

Vector multiplets. There is a similar story for parameters which live in N' = (2,2)
vector multiplets. Consider a d = 0+ 1 supersymmetric sigma-model with dynamical fields
Y and (,

1 . _ _ _

Lo—modcl - §gmn(Y)YmYn + gmnCthCn + RmnquanCqu (25)
where Dy(™ = (" + ngYqu. As is well known, N = (2,2) supersymmetry requires the the
metric g is Kahler. If the metric admits a holomorphic Killing vector k,,, then one may
add a potential over the target space which depends on three parameters m,

Lpotential = |T_fL|2 k2 + gmngm(m : 5)Cn (26)

The parameters m live in a background vector multiplet.

The Witten index for this system guarantees the existence of at least Tr(—1)f = N
ground states, where N is the Euler character of the target space. (This statement is true
only for compact target spaces). We want to know the Berry connection (23) for these
grounds states as the parameters m are varied. We may again integrate out the dynamical
degrees of freedom Y and ¢, to leave ourselves with an effective action of the form ([[g).
The results above tells us that the Berry connection must satisfy the Bogomolnyi monopole
equation ([Ig).

It remains to determine the matrix H that appears in the Bogomolnyi equation in
terms of the original dynamical variables Y. To do this, we must understand how D, the
auxiliary superpartner of 77, couples to the system. This can be read off from [[L7]. There is
a term in the sigma-model Lagrangian proportional to p(Y)D, where (YY) is the moment
map associated to the Killing vector k. This is a function over the target space which
satisfies dy = 1w, where w is the Kéhler form. We therefore find that

Hap = (b|p(Y)]a) (27)

In [, fi], we studied the CP! sigma-model and, by explicit computation, showed that
the Berry connection was given by the single SU(2) BPS monopole satisfying ([9). We



conjectured that the Berry phase for the CPY ™! sigma-model was the (1,1,...,1) BPS
monopole in SU(N) gauge theory. The results of this paper prove this conjecture.

Recently, it was proposed that Berry phases could be used to manipulate the mi-
crostates of supersymmetric black holes [L{, [[1]. The idea was to consider how the mi-
crostates of the black hole change as one varies expectation values for the asymptotic
scalars. These appear as parameters in the black hole quantum mechanics, and the Berry
connection can be shown to satisfy a modification of the tt* equations [IJ, [1]. In fact,
the non-Abelian monopole connections (R1)) also appear to be relevant in this context. The
scalars in the vector multiplet parameterize the separation of multi-centered black holes
in four-dimensions [I3]. The non-Abelian monopole connections that we find in this pa-
per describe the holonomy of microstates as black holes orbit in the Born-Oppenheimer
approximation. It would be interesting to explore this connection further.
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